Abstract: We present evidence of strong coupling between the gain material and the metallic metamaterials. It is of vital importance to understand the mechanism of the coupling of metamaterials with the gain medium. Using a four-level gain system, the numerical pump-probe experiments are performed in several configurations (split-ring resonators (SRRs), inverse SRRs and fishnets) of metamaterials, demonstrating reduction of the resonator damping in all cases and hence the possibility for loss compensation. We find that the differential transmittance ΔT/T can be negative in different SRR configurations, such as SRRs on the top of the gain substrate, gain in the SRR gap and gain covering the SRR structure, while in the fishnet metamaterial with gain ΔT/T is positive. Chaps. 2, 3, 6, and 13. 19. The pumping rate is equivalent to a pump intensity. The pump power density is equal to  ω a P g N 0 , and the pump intensity I p = (pump power)/(surface area) =  ω a P g N 0 (volume)/(surface area) =  ω a P g N 0 d, and d is the thickness of the gain layer. If we use the numbers of our simulations, P g = 3 × 10 9 s −1 , N 0 = 5 × 10 23 m −3 , ω a = 2π × 175 THz, and d = 20 nm, then I p = 3.5 W/mm 2 .
Introduction
The field of metamaterials has seen spectacular progress [1] [2] [3] . Most metamaterials have a metal-based nanostructure and eventually suffer from conductor losses at optical frequencies, which are still orders of magnitude too large for realistic applications. In addition, metamaterials' losses become an increasingly important issue when moving from multiple metal-based metamaterial layers to the bulk case [2] . Thus, the need for reducing or even compensating for the losses is a key challenge for metamaterials' technologies. One promising way of overcoming the losses is based on introducing the gain material to the metamaterial. The idea of the combination of a metamaterial with an optical gain material has been investigated by several theoretical [4] [5] [6] [7] [8] and experimental studies [9] [10] [11] [12] [13] . From the experimental point of view, the realistic gain can be experimentally realized with fluorescent dyes [9] , quantum dots [10, 11] or semiconductor quantum wells [12, 13] . All these loss compensations are mainly attributed to the coupling between the metamaterial and the gain medium. Without sufficient coupling, the transmitted signal may be slightly amplified due to the presence of the gain medium, but no reduction of the metamaterial resonator damping can happen. Therefore, it is of vital importance to understand the mechanism of the coupling between the metamaterial and the gain medium. In addition, these ideas can be used in plasmonics to incorporate gain [14, 15 ] to obtain new nanoplasmonic lasers [16, 17, 8] .
In this work, we present a systematic theoretical model for pump-probe experiments of metallic metamaterials (split-ring resonators (SRRs), inversed SRRs [10, 11] and fishnets [9] ) coupled with the gain material, described by a generic four-level atomic system. We describe the dynamical processes in metamaterials with gain; increasing the gain changes the metamaterial properties, and we need to have self-consistent calculations [4] [5] [6] [7] [8] to reach a steady state. The pump-probe results affect the time dependence of the population inversion and the electric field enhancement that increases the effective gain. We find that the differential transmission ΔΤ/Τ can be negative for SRRs on the top of the gain substrate, which is not expected [7] , although ΔΤ/Τ is positive for the gain substrate alone. These simulations [7] agree with pump-probe experiments [12, 13] and can help to design (SRRs, inverse SRRs and fishnets) new experiments to compensate for the losses of metamaterials.
Theoretical model for pump-probe experiments
We model the dispersive Lorentz active medium using a generic four-level atomic system. The population density in each level is given by
The time-dependent Maxwell's equations for isotropic media are given by is the dispersive electric polarization density that corresponds to the transitions between two atomic levels, N 1 and N 2 . The vector P introduces gain in Maxwell's equations and its time evolution can be shown to follow that of a homogeneously broadened Lorentzian oscillator driven by the coupling between the population inversion and external electric field [12] (1) where Γ α stands for the linewidth of the atomic transitions at ω α and accounts for both the nonradiative energy decay rate, as well as dephasing processes that arise from incoherently driven polarizations. In the following simulations, this value is equal to 2π × 20 × 10 12 rad/s. σ α is the coupling strength of P to the external electric field and its value is taken to be 10
is the population inversion between level 2 and level 1 that drives the polarization P . In order to do pump-probe experiments numerically we first pump the gain material with a short, intense Gaussian pump pulse. After a suitable time delay we probe the structure with a weak probe pulse (see Fig. 1 ). In our model, an external mechanism pumps electrons from the ground state level N 0 to the third level N 3 using a gaussian pumping P g (t), which is proportional to the pumping intensity in the experiments. After a short lifetime τ 32 the electrons transfer non-radiatevely into the metastable second level N 2 . The second level (N 2 ) and the first level (N 1 ) are called the upper and lower lasing levels. Electrons can be transferred from the upper to the lower lasing level by spontaneous and stimulated emission. At last, electrons transfer quickly and non-radiatevely from the first level (N 1 ) to the ground state level (N 0 ). The lifetimes and energies of the upper and lower lasing levels are τ 21 , Ε 2 and τ 10 , Ε 1 respectively. The center frequency of the radiation is ( )
 which is a controlled variable chosen according to each individual pump-probe experiment. The parameters τ 32 , τ 21 , and τ 10 are chosen to be 0.05 ps, 80 ps and 0.05 ps respectively, which are values typical to real gain media, so that in combination with the rest parameters (Γ α , σ α , ω α , ε) our results are comparable to the experiments [9] [10] [11] [12] [13] . The initial electron density is ( )
. Thus, the atomic population densities [18] obey the following rate equations: 
where the Gaussian pump is ( ) ( ) 
Structure description and results

Three different U-Shape SRR Structures
The structure considered is a U-Shape SRR fabricated on a gain-GaAs substrate [7, 12, 13] with a square periodicity of 250 nm p = (see Fig. 2(a) ). The SRR is made of silver with its permittivity modeled by a Drude response:
rad/s and γ = 2.73 × 10 13 rad/s. The incident wave propagates perpendicular to the SRR plane and has the electric field polarization parallel to the gap (see Fig. 2(a) ). The corresponding geometrical parameters are a = 150 nm, h d = 40 nm, h g = 20 nm, h s = 30 nm, w = 50 nm and h = 75 nm. (a) Schematic of the unit cell for the silver-based SRRs structure (yellow) with the electric field polarization parallel to the gap. The dielectric constants ε for gain (red) and GaAs (light blue) are 9.0 and 11.0, respectively. (b) Calculated spectra for transmittance T (black), reflectance R (red), and absorptance A (blue) for the structure shown in Fig. 2(a) . The inset shows the profile of the probe pulse with a center frequency of 175 THz (FWHM = 2 THz).
Figure 2(b) shows the calculated spectrum (without pump) of transmittance T, reflectance R and absorptance A for the structure shown in Fig. 2(a) . The resonant frequency is around 175 THz, and we refer to the resonant frequency according to the dip of the transmittance. The reason for this choice lies in the fact that we are interested in how the interaction of the gain system with the metamaterial may lead to a less damped oscillator, ideally undamped. As such, the unpumped oscillator is expected to exhibit increased impedance mismatch with the exterior close to its eigenfrequency (maximum of oscillator absorption) and consequently a dip in the transmittance. For comparison, we also introduce two other gain configurations (see Fig. 3 ), where the gain is embedded in the gap of the SRR (Fig. 3(a) ) and the SRR is embedded in the gain with 50 nm in height (Fig. 3(b) ). The dimensions and simulated parameters are kept the same as in Fig. 2(a) , except for the gain material permittivity which is set to ε = 1, in order to keep the resonance frequency fixed at 175 THz for all three systems. Fig. 3 . The structure and the corresponding parameters. The gain material, which is denoted by the areas with ε = 1 is located (a) in the gap, and (b) above the structure. In these configurations, we have changed the permittivity of the gain material in order to fix the resonance frequency at 175 THz, and here we only consider the perpendicular incidence case. Fig. 4 . Schematic of the numerical pump-probe experiments [12, 13] for the case on resonance. The results correspond to the geometry of Fig. 2(a) with ε = 9, accounting for quantum wells as the gain medium, as in [12] . From the top to the bottom, each row corresponds to the pump pulse, population inversion, incident signal (with time delays 5, 45, and 135 ps), transmitted signal, and differential transmittance ΔT/T. It should be mentioned here that the incident frequency of the probe pulse is 175 THz with a FWHM of 2 THz and is equal to the SRR resonance frequency.
In our analysis, we first pump the active structure (see Fig. 2(a) and Fig. 3 ) with a short intensive Gaussian pump pulse P g (t) (see Fig. 4, top panel) . After a suitable time delay (i.e. the pump-probe delay), we probe the structure (see Fig. 2(a) and Fig. 3 ) with a weak Gaussian probe pulse with a center frequency close to the SRR resonance frequency of 175 THz. The incident electric field amplitude of the probe pulse is 10 V/m, which is well inside the linear response regime. Then, we can Fourier transform the incident probe pulse to obtain the spectral transmittance of the system as seen by the probe pulse. Additionally, we obtain the total pulse transmittance by dividing the energy in the transmitted pulse by the energy in the incident pulse, integrated in the time domain. We define the difference transmittance T T Δ by taking the difference of the measured total plus transmittance with pumping the active structure minus the same without pumping and dividing it by the total plus transmittance without pumping. This difference is a function of the pump-delay. The bottom panel in Fig. 4 gives a differential T T Δ which is negative [7] and agrees with the experiments [12, 13] . Figure 5 shows the results for the difference in absorptance (ΔΑ), difference in reflectance (ΔR), their sum (ΔΑ + ΔR) and the difference in transmittance [ΔT = -(ΔΑ + ΔR)] between pump (P 0 = 3 × 10 9 s −1 solid black, multiply by 6, P 0 = 29 × 10 9 s −1 dotted black) and no pump using a wide probe (FWHM = 54 THz) pulse with a fixed pump-probe delay of 5 ps. The results of Fig. 5 are obtained for pump-probe experiments in the three different gain/SRR structures with the probe frequency equal to the resonance frequency of the SRRs (175 THz). Notice that ΔR is positive, ΔA is negative and ΔT is also negative very close to the resonance frequency. If the probe center frequency moves away from the SRR resonance frequency, the negative ΔT/T decreases in magnitude, and finally ΔT/T becomes positive. This is a clear indication that the gain material couples with the SRR, as the coupling at their common resonance frequency leads to reduction of the SRR damping and consequently to a stronger and narrower resonance, thus increased impedance mismatch close to the resonance frequency and increased reflection; hence to reduced transmittance, which increases again as we move away from this spectral region, eventually becoming positive. These results for T and ΔT/T are also shown in Fig. 6 for the gain configurations of Fig. 3(a), Fig. 3(b) (in Fig.  6 (a) the gain is embedded in the gap of the SRR, in Fig. 6(b) the SRR is embedded in the gain with 50 nm in height). At the resonance frequency, 175 THz, when the magnitude of the Gaussian pump pulse is P 0 = 3 × 10 9 s −1 , ΔT/T = -5% ( Fig. 6(a) ) and ΔT/T = -22% ( Fig.  6(b) ). 
The plasmonic inverse SRR
The inverse SRR is made of gold with its permittivity modeled by a Drude response:
, with ε ∞ = 9.6, ω p = 1.372 × 10 16 rad/s and γ = 10.68 × 10 13 rad/s. The gain material has a dielectric constant of ε g = 2.2, which corresponds to an averaged permittivity of PbS quantum dots dispersed in a PMMA solution (purple region in Fig. 7(a) ), as in [11] . The incident wave propagates perpendicular to the SRR plane and has the electric field polarization parallel to y-axis (see Fig. 7(a) ). Figure 7(b) shows the calculated spectrum (without pump) of transmittance T, reflectance R and absorptance A for the structure shown in Fig. 7(a) . The resonant frequency is around 214 THz and we refer to the resonant frequency according to the dip of the transmittance. Feature sizes: unit cell D = 545 nm, horizontal slit a = 470 nm, unit length h = 230 nm, h s = 180 nm, top vertical slit and gap t = g = 170 nm, and slit width w = 65 nm. Also, there is an additional 400 nm glass substrate on the top of the structure with ε sub = 2.56. The metamaterial is made of gold with its permittivity modeled by a Drude response. (b) Calculated spectra for transmittance T (black), reflectance R (red), and absorptance A (blue) for the structure shown in Fig. 7(a) . The inset shows the profile of the probe pulse with a center frequency of 214 THz (FWHM = 3 THz). Figure 8 gives an overview of the results obtained for the case of inversed SRR [10, 11] on resonance, i.e. ω a = 2π × 214 × 10 12 rad/s. Data for the structure in Fig. 7(a) is given in Fig. 8 . For parallel polarization, the light does couple to the fundamental inversed SRR resonance. In Fig. 8(a) the system is pumped with P 0 = 3 × 10 9 s −1 and the probe center frequency increases from top (205 THz) to bottom (223 THz). 1/s (solid black) and 4 × 10 9 1/s (dotted black) for pump-probe delay of 0.6ps. The small ripples around 300THz are numerical artifacts due to the limited bandwidth of the probe pulse (54THz). The shaded area corresponds to the spectral range examined in Fig. 9 .
Note that the width of the probe spectrum is 3 THz (see the inset in Fig. 7(b) ). Hence, the data have been taken with 3 THz spectral separation. ΔT/T reaches values negative as -22% around f probe = 214 THz. Additionally, we may also have positive ΔT/T at the very edges of the probe range (see in Fig. 8 9 s −1 solid black, P 0 = 4 × 10 9 s −1 dotted black) and no pump using a wide probe (FWHM = 54 THz) pulse with a fixed pump-probe delay of 0.6 ps. These results for T and ΔT/T are also shown in Fig. 9 for P 0 = 1 × 10 9 s −1 . In this case, at the resonance frequency, 214 THz, ΔT/T = -20%. 
The fishnet structure
The configuration and corresponding parameters of the fishnet structure in simulations are shown in Fig. 10 . Figure 10 (b) shows the calculated spectrum (without pump) of transmittance T, reflectance R and absorptance A for the structure shown in Fig. 10(a) . The resonant frequency is around 495 THz, and we refer to the resonant frequency according to the peak of the transmittance. This configuration is fundamentally different from the previous ones, as in addition to ε, μ is also negative at the resonance frequency and therefore we have a transmission peak near the resonance rather than a dip. Undamping and narrowing the metamaterial resonance can, in this case, actually reduce the impedance mismatch and, therefore, we may observe a positive differential transmittance ΔT>0 [9] . Apparently the increase of transmittance due to the contribution from gain is stronger than the reduction imposed by the metamaterial undamping. In total, the transmittance increases as opposed to the previous configurations. In  Fig. 12 , the transmittance T (without pump, solid line) and the on-resonance differential transmittance ΔT/T results (vector arrows) are shown. In the fishnet structure ΔT/T is positive and our simulations have verified that the coupling between the metamaterial resonance and the gain medium is dominated by near-field interactions. Our simulations in the fishnet structure with gain medium can be used for new pump-probe experiments to compensate for the losses of fishnet metamaterials. 1/s. The direction and the length of the arrow stand for the sign and the amplitude of ΔT/T, respectively. The squares from (P) 1 to (P) 3 correspond to the frequency of probe pulse ranging from 493 to 497 THz with uniform step of 2 THz.
Conclusion
In this work we have presented a systematic theoretical model for pump-probe experiments of metallic metamaterials coupled with the gain material, described by a generic four-level atomic system. We investigated three characteristic metamaterial configurations, namely SRRs, inversed SRRs and fishnets. In all cases we observed strong coupling between the gain material and the metamaterial, which, for the case of on-resonance, leads the differential transmission of the combined system to differ significantly from that of the bare gain system. Using pump-probe simulations, we find a distinct behavior for ΔT/T of the probe pulse, which is negative for the SRR configurations and positive for the fishnet metamaterial. This is a clear indication of reduction of the resonator damping and is hence promising for loss reduction in such systems or even full loss compensation. Our model can be used to design new pump-probe experiments to compensate for the losses of metamaterials.
